We consider recently proposed higher order gravity models where the action is built from the Einstein-Hilbert action plus a function f (G) of the Gauss-Bonnet invariant. The models were previously shown to pass physical acceptability conditions as well as solar system tests. In this paper, we compare the models to combined data sets of supernovae, baryon acoustic oscillations, and constraints from the CMB surface of last scattering. We find that the models provide fits to the data that are close to those of the LCDM concordance model. The results provide a pool of higher order gravity models that pass these tests and need to be compared to constraints from large scale structure and full CMB analysis.
INTRODUCTION
Higher order gravity models have been proposed among possible causes of late-time cosmic acceleration [1] . These models are built out of higher order curvature invariants that yield generalized field equations with a coupling between the mass content of the universe and the space-time curvature that produces a late-time self accelerating phase. A large body of papers have been devoted to the so-called f (R) [2] models while a smaller fraction study models based on invariants built out of the Ricci and Riemann tensors [3] .
In addition to the phenomenology of an accelerating cosmic expansion, higher-order gravity models have theoretical motivations within unification theories of fundamental interactions, and through field quantization on curved spacetimes [4, 5] . Indeed, higher-order invariants appear automatically in most quantum gravity proposals [5] [6] [7] , string theories [8, 9] , supergravity [10, 11] , and loop quantum gravity/cosmology [12] [13] [14] . In these theories, high-order loop corrections on curved space-time are related to higher-order combinations of the Riemann curvature invariants. Higherorder invariants have been actively discussed in relation to avoiding cosmological curvature singularities (see [15] and references therein). In some of these theories, the invariants are regrouped in a topological invariant combination called the Gauss-Bonnet invariant, denoted as G. This combination gives a theory free of unphysical states [6, 16, 17] .
In this paper, we study cosmological constraints on some models where the action is made of the Einstein-Hilbert action plus a function f (G) of the Gauss-Bonnet invariant. We focus on models that have been shown in previous literature to be free of ghost instabilities and superluminal propagations [18] in cosmological homogeneous and isotropic backgrounds. We perform coordinate transformations in order to write the dynamical equations in a form integrable using numerical schemes and then compare the models to recent observations of supernova magnituderedshift data, distance to the CMB surface, and Baryon Acoustic Oscillations (BAO), including Hubble Key project and age constraints.
f (G) MODELS
The models that we investigate in this paper are derived from varying the action
Varying the corresponding actions with respect to the metric, the generalized Friedmann equations follow as: Model DFT-A:
Model DFT-B:
Model DFT-C:
where Λ = αλ √ G 0 and we define N = ln a with ′ = d/dN . As discussed in [19, 21] , these higher order gravity models have generalized Friedmann equations that are very stiff ordinary differential equations (ODEs) that require us to use well-adapted numerical codes and logarithmic variables. Thus, we replaced H in the ODEs by the logarithmic variable u = ln (H/μ) whereμ is a constant normalizing the Hubble parameter. This allows one to write the source terms, see [21] , asũ
Further, with ω m = Ω m h 2 and h = H 0 /(100km/s/M pc), one writes
Similarly,ω rad is defined for radiation but we consider its contribution to be negligible at late times. In terms of the logarithmic variables, the generalized Friedmann equations (equations (14) (15) (16)) may be written
where (14), (15) , and (16), we found that the equations written in terms of the logarithmic variables allow stable numerical integrations over redshift ranges from z = 5 to z = 0. As discussed in [19] , it is necessary to perform the integration forward in time (backward in the redshift) with initial conditions provided by some approximate solutions at high redshift. We verified that at higher redshifts (z > 5), the approximate solutions provide an excellent fit to the numerical solution of the ODEs with a relative difference
that is better than 0.1%. We use these approximations in order to find the numerical initial conditions for u and u ′ at z = 5 and then start a numerical integration of the ODEs down to the supernovae locations. Proceeding in this way, we obtained very stable programs to derive various Hubble plots for the HOG models. The approximate solutions for the models of this section can be derived as Model DFT-A:
where G(ũ) =μ 4 e 4ũ 24(ũ ′ + 1) and the sourceũ is used from earlier. The generalized Friedmann equations above along with their high redshift approximations are in a form ready for numerical integration and comparisons to observational data in §4.
f (G) models proposed by Zhou, Copeland and Saffin
The authors of [22] performed a thorough phase space analysis of f (G) models and analyzed some specific models that satisfy some cosmological viability conditions. Following [23] for f (R) models, the authors of [22] expressed the viability conditions as constraints on the derivatives of the function f (G). We consider here some of their models as:
Model ZCS-B:
where α and β are constants. The equations of motion in a flat FLRW spacetime follow as: Model ZCS-A:
Model ZCS-C:
Again, in order to compare these models to cosmological data, we must write the generalized Freidmann equation in a numerically stable integrable form using logarithmic variables yielding: Model ZCS-A:
We also need the approximate solution for these models at high redshift providing initial conditions for numerical integrations as discussed in previous section. The approximate solutions at high redshift for these models are: Model ZCS-A:
where again G(ũ) =μ 4 e 4ũ 24(ũ ′ + 1) and the sourceũ is as defined earlier. data sets, where the inner and outer loops are 68% and 95%, respectively. RIGHT:2D joint contour plots for DFT-A with parameters Ωm, α, λ, G0, H0 for Union, WMAP5 and SDSS LRG(BAO) data sets, where the inner and outer loops are 68% and 95%, respectively.
f (G) Models proposed by Uddin, Lidsey and Tavakol
The models presented by [24] are similar to the models presented by [22] of the previous section, i.e.
with β = 0 and α = √ 4α, although [24] performed a different and independent analysis. In agreement with the analogous scalar field models, the power-law form of the f (G) model as f (G) = ±2 √ αG was found to have stable scaling solutions. The authors studied the equation of state parameter for these models as it evolved through radiation, matter and accelerating epochs. The behavior of the energy densities were also discussed there. By investigating stability for both vacuum and non-vacuum solutions, it was recognized that those models suffered from a singular point at transition. Our results for these models can be found with results for the ZCS models in §5 below.
COSMOLOGICAL DISTANCES CONSTRAINTS FROM SNE IA, CMB SURFACE, AND BAO
In this section, we describe the three cosmological observations used to constrain the models described above. One of the first compelling evidences for cosmic acceleration came from the Supernovae type Ia (SNe Ia) observations and we use here the distance modulus as a function of the redshift z given by
containing the magnitude-redshift function,m(z) and a nuisance parameter, M which is degenerate with the Hubble parameter, H 0 . The luminosity distance, D L in units of Mpc for HOG models is given by
with H(z ′ ) as the solution to the non-linear differential equations given above for the higher order gravity models (recall that for the logarithmic variables defined in the previous section the redshift reads as z = e −N − 1.) We use the Union set of supernovae which was compiled as an attempt to gather the best of the best supernovae from different surveys, including Supernovae Legacy Survey, ESSENCE Survey, HST, and other older sets [25] . After selection cuts, the 414 SNe Ia are reduced to 307. The fitting of the SNe Ia uses a standard minimization method, χ 2 , where σ is the magnitude uncertainty and i the number of data points compared. We break degeneracies in the parameter space by using the value of the Hubble parameter as measured by the Hubble Key Project (HST) [26] , H 0 = 72 ± 8 km/s/M pc. Next, we consider the distance to the CMB last scattering surface and, following [27] , we define three fitting parameters for comparison to the WMAP5 data using the shift parameter, R, see for example [28] ,
with the redshift, z * for the surface of last scattering, see for example [29] ,
where
and
and third, the acoustic scale, l a , is, see for example [30, 31] ,
with the proper angular diameter distance,
2 and the comoving sound horizon, r s (z * ), see for example [32] ,
with Ω γ = 2.469 × 10 −5 h −2 for T cmb = 2.725K. Together the parameters x i = (R, l a , z * ) are used to fit χ
and Cov −1 (x i x j ) is the inverse covariance matrix for the parameters. Thirdly, we use BAO constraints following [27, [32] [33] [34] and defining the ratio of the sound horizon, r s (z d ) to the effective distance, D V as a fit for SDSS by data sets, where the inner and outer loops are 68% and 95%, respectively. CENTER:2D joint contour plots for ZCS-B with parameters Ωm, α, β, H0 for Union, WMAP5 and SDSS LRG(BAO) data sets, where the inner and outer loops are 68% and 95%, respectively. RIGHT:2D joint contour plots for ZCS-C with parameters Ωm, α, β, H0 for Union, WMAP5 and SDSS LRG(BAO) data sets, where the inner and outer loops are 68% and 95%, respectively.
with, see for example [33] ,
and the redshift, z d as, see for example [35] ,
We use a modified and extended version of the publicly available package, CosmoMC [36] to perform a Monte Carlo Markov Chain analysis (MCMC's). The MCMC's are used to compute the likelihoods for the parameters in the model. This method randomly chooses values for the above parameters and, based on the χ 2 obtained, either accepts or rejects the set of parameters via the Metropolis-Hastings algorithm. When a set of parameters is accepted it is added to the chain and forms a new starting point for the next step. The process is repeated until the specified convergence is reached. We found that an elaborate and essential step in our analysis was to numerically integrate the stiff ODEs in order to derive the Hubble expansion rate for a wide range of redshift and integrate it to the CosmoMC package. For this task, we made a necessary change of variable in our integration and also used a good approximation at higher redshifts in order to obtain initial values for our codes to perform stable integrations from z = 5 down to z = 0. We used the framework developed to compare the models described in the previous sections to the three sets of observations and the results are given in the next section.
RESULTS AND CONCLUSION
Our results are summarized in figures 1-4 and in table I. In figure 1 , we present the results for model DFT-A. We first (left part of figure 1) varied Ω m , α, λ,μ, and H 0 leaving G 0 ∼ h 4 as a derived parameter, and we obtained a normalized /dof , and best-fit parameters for f (G) higher order gravity models using observational constraints from supernovae, HST, CMB surface and BAO. For models DFT-A, DFT-B, DFT-C the parameters are Ωm, H0,μ, G0, α, and λ. For models ZCS-A, ZCS-B, ZCS-C the parameters are Ωm, H0,μ, α, and β. and H 0 leavingμ as a derived parameter, with a normalized χ 2 /dof = 1.0751 (χ 2 = 329.0). Our best fit values are given in table 1 and we find an Ω m around 0.25 in both cases. We find best values for the model parameters α and λ that have a product αλ of the order unity as required, see [20] . We find the best fit forμ that is of the order of twice the normalized Hubble parameter h, as it should [19, 21] , and the best fit parameter G 0 of the order of h 4 [20] . Next, we show in figure 2 the results for models DFT-B and DFT-C with similar results and normalized χ 2 /dof = 1.0764 (χ 2 = 329.4) and χ 2 /dof = 1.0748 (χ 2 = 328.9) respectively. Finally, we show in figure 3 , results for the ZCS models varying the parameters α, β,μ, Ω m and H 0 .
The best fit parameters are given in table 1. The first and second models have best fit values similar to the DFT models while the third model has slightly higher values for Ω m and H 0 . The best fit χ 2 's for f (G) models are close to the χ 2 SN +BAO+CMB ≈ 314.6 (χ 2 /dof = 1.018) that we obtained for the LCDM concordance model. In view of the of the possible systematic uncertainties in the supernova data, it is not clear that the difference between the χ 2 s is significant. It is worth noting that the parameter space that we found for the DFT models is also all contained within the parameter space found by [37] for the models to be compatible with solar system constraints. In other words, the DFT models analyzed in this paper pass physical acceptability conditions [20, 38] , solar system tests [37] and here pass constraints from supernova, BAO rulers and distance to CMB last scattering surface. Recently, Ref. [39] pointed out in a preliminary work that matter perturbations in Gauss-Bonnet models exhibit some instabilities during the matter era, and that for the growth to be compatible with observations the deviations from general relativity have to be very small. This point needs further investigations using perturbation studies in f (G) models. In view of the success of f (G) models with solar system tests and cosmological distances constraints, we conclude that these models need to be subjected, in future projects, to full large scale structure constraints such as galaxy clustering and gravitational lensing, as well as the full CMB analysis.
